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Regularity of 3D axisymmetric Navier-Stokes equations 
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Abstract 

In this paper, we study the three-dimensional axisymmetric Navier-Stokes system with nonzero 
swirl. By establishing a new key inequality for the pair (^,^), we get several Prodi-Serrin 
type regularity criteria based on the angular velocity, u^. Moreover, we obtain the global 
well-posedness result if the initial angular velocity Uq is appropriate small in the critical space 
Furthermore, we also get several Prodi-Serrin type regularity criteria based on one 
component of the solutions, say oj^ or u^. 

Keywords: Navier-Stokes equations, regularity criteria, global well-posedness. 


1. Introduction 


Consider the initial value problem of 3D Navier-Stokes equations: 

dtVi -I- (u ■ V)u — An -I- Vp = 0, (f, x) G M’*' x , 
V ■ u = 0 , 
u|t=o = uo . 


( 1 . 1 ) 


where u(t, x) = {v}p{t,x) and uq denote, respectively, the fluid velocity held, the 
pressure, and the given initial velocity held. 

For given uq G L^(R^) with div uq = 0 in the sense of distribution, a global weak solution 
u to the Navier-Stokes equations was constructed by Leray and Hopf [l^, which is called 
Leray-Hopf weak solution. Regularity of such Leray-Hopf weak solution in three dimension is 
one of the most outstanding open problems in the mathematical huid mechanics. 

Researchers are interested in the classical problem of hnding sufficient conditions for the 
weak solutions such that they become re gula r. The important result is usually referred as Prodi- 
Serrin (P-S) conditions (see [ll|, 12, 17, 35, 36, 37, [^), i.e. if additional the weak solution u 
belongs to where ^-|-^<l,3<q'<oo, then the weak solution becomes regular. Hugo 
Beirao da Veiga proved a P-S type result with two components of u. For the one component 
case, Y. Zhou and Pokorny j4l| obtained the regularity criterion by imposing the integrability 
of single component of the velocity held. Furthermore, Cao and Titi [51] established the 
regularity criterion involving only one entry of the velocity gradient tensor, likely d^u^. How¬ 
ever, the integral condition here is not optimal in the sense of scaling considerations. For such 
considerations, people also work on the regularity criteria involving one component of u and 
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one other component, say velocity gradient tensor, likely [3^. Recently, the second author and 
Chenyin Qian 13, 14, 151 developed the arguments above. They [l^ got several almost critical 
regularity conditions such that the weak solutions of the 3D Navier-Stokes equations become 
regular, based on one component of the solutions, say v? and d^u^. 


Considering the axisymmetric Navier-Stokes equations, there is a scaling invariant quantity 


\ru 11 1 iiQ 


if rtig G see 

regularity conditions for for the axisymmetric Navier-Stokes equations 


33l. |29| etc. So, it is very important to consider the critical 

Here, we assume 


that a solution u of the system fll.ll) of the form 


u(f, x) = r, X 3 )er r, 0 : 3)60 -F r, 0 : 3 ) 63 , 


where 


= (^,^, 0 ), 60 = (-^,^, 0 ), 63 = ( 0 , 0 , 1 ), r = 


I rp^ 

JU 2 *^2 * 


In the above, is called the angular velocity. For the axisymmetric solutions of Navier-stokes 
system, we can equivalently reformulate fll.ll) as 


in'- - (a; + a| + la, - j,)u- - + a,p = 0 , 

§u’ - (o; + a| + idr - + 

^ - {dl + dl + ldr)v? + dsp = 0 , 


Dt 


( 1 . 2 ) 


drU'^ + = 0 , 

{u\u^,u%=0 = {vTq.uI.uI), 


where we denote the convection derivative as 


^^=dt + v!'dr + u^ds. 

For the axisymmetric velocity held u, we can also compute the vorticity oo = curl u as 
follows, 

u> = + hfee -I- 0:^63 

with a;'’ = —d^u^, uj^ = d^u'' — drU^, = drU^ + Furthermore, satishes 


D r 


+ ^3 + ~ ipj'^dr + Uj'^d^)u'^ — 0, 


- (a? + a| + ia. - 4) 


CO 


r 


= 0 , 


- {dl + d‘^ + ^dr)oj^ - {u^'dr U^d3)u^ = 0 , 

^ {u'",uj^,u^)\t=o = (coS,co^,a;g), 


Let b = -|- ^^ 63 . Then, we have that 


div b = 0 and curl b = 


(1.3) 


(1.4) 
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Therefore, ( 0 ,r) = {ru^, satisfy 


(at + b-v-A + fa,)0 = o 

(a^ + b-v-A-^a,)r-a3(^)2 = o 


(1.5) 


This is the key ingredient for us to study the regularity criteria of the axisymmetric Navier- 
Stokes equations. We recall that global well-posedness result was firstly proved under no swirl 


assumption, i.e. w = 0, independently by Ukhovskii and Yudovich 


39| , and Ladyzhenskaya 


24| . also j2g for a refined proof. 


When the angular velocity is not trivial, the global well-posedness problem is still 
open. Recently, tremendous efforts and interesting progress have been made on the regu- 


33, 40 


es 

i, 


larity problem of the axisymmetric Navier-Stokes equations^, 0, S, 0, 20 
P. Zhang and the third author ^ investigated the global well-posedness with various t 
of smallness conditions on the initial angular velocity Uq of the initial velocity field. In 
Chen, Strain, Tsai and Yau proved that the suitable weak solutions are smooth if the velocity 
field u satisfies r|u| < C < oo. Applying the Liouville type theorem for the ancient solu¬ 
tions of Navier-Stokes equations, Zhen Lei and Qi S. Zhang obtained the similar result 
b G L’^{BMO~^). Moreover, there are many significant results under the sufficient condi¬ 
tion for regularity of axially symmetric solution of type oj^ G L^'^, ^-|-^<2 ,|<g<oo 

in j^, and G L^{{0,T); in j^. And concerning on one velocity component, it has 

been shown that the axisymmetric solution is smooth in (0,T) x when G with 

(d,p,g) G {(-1,1) X (l,cx)) X (|,oo),^+^< 1-d} or {(-1,1) x {cx)} x 
{{ — 1} X (1, oo) X (|, oo), ^ -|- ^ < 2} in [23[. In particular, the authors in j23| also considered 
the conditions on u®, G with {d,p, q) G {[0, ^) x (4, oo] x (2, oo], ^ -f ^ < 1 — d} or 
{(-oo,|) X {oo} X {oo}}. 


The following regularity criteria of greatly develop the corresponding regularity criteria 


in |22|,l23 


40 


Theorem 1.1. Let u he an axisymmetric weak solution of the Navier-Stokes equations M.l\) 
with the axisymmetric initial data Uq G iL^(M^) and div uq = 0. If one of following conditions 
holds true 

(1) r'^u^ G where - < 1 — d, < q < oo, <p<oo, 




(2) r^m E Lj,’^ and there exist a > 0 and sufficient small e > 0 such that 


IrVl ^ ,, 

I I U -L7-<q, II OQ 




where 0 < d < 1, then u is smooth in (0,T] x R^. 


To prove it, the key point is that we find the pair (<h, T) = (^, ^) 
equations 


r + (b ■ V)<h - (A + fa,)<h - {u^dr + 

{ dtT + (b ■ V)r - (A + fa,)r + 2^$ = 0, 


satisfying the following 


= 0 , 


( 1 . 6 ) 
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and the following identities: 


1 d 

2 dt 



(1.7) 


+ hb ■ v)n + (A + -a,)r • r = -2—rt. 

2 dt 2 r r 


( 1 . 8 ) 


In fact, Thomas Y. Hon and Congming Li introdnced a 1-dimensional model that hrst- 
order approximates the Navier-Stokes eqnations, which jnst corresponds to the zero right hand 
side of above identities. In additional, the following two technical points are also important: 
the hrst is that we give the explicit expression of — by T, see Lemma [2.31 the second is that 
we establish a general Sobolev-Hardy ineqnality, see Lemma 12.41 By above techniqnes, one 
rednces the problems to estimating certain terms of particnlar forms. For example, we need to 
control the term Ji = dx and others, see fl3.2l) - fl3.3p . From Holder’s ineqnality, 

we have 


h < 


IrVl 




||53*h||2. 


3 r 

Using the general Sobolev-Hardy ineqnality in Lemma lYTl we can bonnd || || ^ by || V^ —lU, 

q-2 ^ 


fc = 1, 2. Combining the explicit expression of ^ by F in Lemma [T3l one can bonnd 
by 11^3^ ^^F ||2 (please see the details in (13.5p ). 


I 


2g 

q-2 


Remark 1.1. Onr method fails in the case d = 1. The key point is that one cannot bonnded 

3 

iKlh by II/IIji^i. In Theorem 11.11 we add a small assnmption in the case G The 

^ 00,-^ 

reason is that we cannot nsing Gronwall’s ineqnality in the case G Lj, ’ . To overcome 

this small assnmption, one possible method shonld be the De Giorgi type argnment or Nash 
type method (like (^). Bnt, nsing the De Giorgi type argnment or Nash type method, one 
needs some additional condition on b to control the convection terms. In onr proof, we jnst 
nse the energy method and divergence free condition to estimate the system fll.bp . and the 
convection terms are not trouble (see fl3.2p L 

Remark 1.2. Theorem II.II tells ns that if ru^ is Holder continnity at the variable r nniformly, 
i.e. there exist a a > 0 and constant (7, snch that 


r\u^\ < Cr°', a.e. (t,x) G (0,T) x 


then u is regnlar. And the anthors in [3, S, 25 
Moser method. 


drawn a similar argnment by nsing the Nash- 


Remark 1.3. Theorem 11.11 implies that if the angnlar velocity satishes the Prodi-Serrin 
condition 

G LP((0, T); L«(M^)), - + -<1, 3 < q < 00 , 

V Q 


then the solntion u is smooth in (0,T] x M^. In P. Zhang and the third anthor obtained 
one special regnlarity criterion G From Theorem II.II and the interpolation theorem, we 
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have that if tUq G L°° and the angular velocity satishes 

2 S 2 

-GL^>((0,T);L^(M3)), _ + _<! +c?, 0<d<l, < g < oo, 

P Q 1 + a 

then the solution u is smooth in (0, T] x 

Moreover, we will prove a global regularity theorem only on that the initial angular velocity 
Mg is appropriately small in the critical space 

Theorem 1.2. Assume that the axisymmetric initial data ug G and div ug = 0. There 

exist positive constants Cq, Ci and C 2 , such that if the initial angular velocity Mq satisfies 

||rXll^exp(j2/) < ^, (1.9) 


where t) < d <1, ^ = s/ [ ||ug|| 2 , |lwo|| 2 , ||defined by 


= C^2||ug||2 (llcng^ll^ + CidPlh + ||a3^||2)3||ug||2), 


then the system has a unique global strong solution u G C'(M+; 


We also respective investigate the regularity criterion of the vorticity component or the 
velocity component by introducing the potential fj dehned in 


29 


Theorem 1.3. Let u be an axisymmetric weak solution of the Navier-Stokes equations / li.il) 
with the axisymmetric initial data ug G and div ug = 0. IfruQ G and G 

^ + ^<2, |<g< 00 , I < p < 00 , then the weak solution u is smooth in (0, T] x 

Theorem 1.4. Let u be an axisymmetric weak solution of the Navier-Stokes equations m 
with the axisymmetric initial data ug G and div ug = 0. If satisfies one of following 

conditions, 


( 1 ) 

( 2 ) 


r'^u^ G Ll^ 


T ’ 


^ + l<l-d, j^<g<oo, j^<p< 


00 , 


JO 

G Lj. 


3 

i-d 


and there exist (5 > t) and sufficient small Si > 0 such that 


rVl^</3|| 



< ^1) 


where 0 < d < 1, then u is smooth in (0,T] x 


Since ip is bounded if r|M^| < (7, we deduce following corollary from 25 


Corollary 1.5. Let u be an axisymmetric suitable weak solution of the Navier-Stokes equations 
M.l\) with the axisymmetric initial data ug G L‘^(MP), div ug = 0, and ru^ G L°°(MP). Suppose 
ru^ G then u is smooth in (0,T] x 
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In Section |2l we establish some important lemmas for the use of proof, like the explicit 
expression of ^ by ^ in Lemma 12.31 a general Sobolev-Hardy inequality in Lemma 12.41 Then 
we will prove the regularity criteria by and u^, respectively, in Sectional At the end, we 

prove the global well-posedness result in Theorem 11.21 in Section |U 

Notations. We introduce the Banach space L^'^, equipped with norm 

if 1 < p < oo, 
if p = cx), 

if 1 < g < oo, 
if g = oo. 


J^rjp 


(fo^ WfitWqdi)^, 

ess suptg(o,r)ll/(^)ll<?, 


where 


ll/WII.= 


(/r 3 dx)% 

ess sup^gKS \fit,x)\, 


2. Preliminaries 

Now we begin with the 1-D Hardy inequality in jl^ (Theorem 330, page 245). 

Lemma 2.1. If q > l,a ^ 1, and f{r) is nonnegative measurable function, F{r) is defined by 

/ r poo 

f{t) dt {a > 1), F{r) = j f{t) dt {a < 1), 


then 


q 


/ r-^F^ dr Ki¬ 
lo >-l| 


)|? / ^ dr 

Jo 


We will give some useful estimates in the axisymmetric Navier-Stokes equations, and refer 
to 33, 29| for details. Note V = {dr, 83 ), and 


Cs{R+ X R) = {f{r,z) e (7“(R+ x R), d‘^^f{0+,z) = 0, j > 0,j e N}. 

Lemma 2.2. Assume u is the smooth axisymmetric solution of U.l\) on [0,T], with the initial 
data uq, and curl u = cj, then 


i) b, ^ and ^ are smooth with variables {t,x) G (0,T) x R^, 
a) n = u^eg -|- V X (ipeg) = + u^eg + with 

u^{t,r,X 3 ), i;{t,r,X 3 ), r, X 3 ) G C^(0, T; Cs(R+x R)), 

Hi) there exists a constant C = C{q), such that for 1 < q < 00 , 

||VV||,+ ||Vm=>||,+ ||L||^<C||j^<>||^, 


( 2 . 1 ) 


u 


||Vn^||, + ||-||,<C'||Vu||„ 
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9) 




,U 


U’ 


. 00 


IIV(-)ll9 + l|V(-)||, + ||Va;ni, + ||Va;^||, + ||-||, + ||Va;'^||, + ||-||, < q|V^u 


,00 


||V(-)||,<C||VM„ 


iv) if in addition, tUq G L°°{R^), then also ru^ G L 


00,00 

T 


Furthermore, we extend the following argument, which is widely used in various equations 
with free swirl (See 0,0), to the axisymmetric solutions with nonzero swirl. 


Lemma 2.3. Assume u is the smooth axisymmetric solution of U.l\} . and curl u = lj, then 

^ = A-^ds{—)-2^A-^ds{- 

here we have 


-A-W(r, xs) = ^7^nly + '^n22W - 2^7^12W" 

y ryZi ryZi ryZi 

with TZij = A~^dxidxj- Besides, we have, for 1 < q < oo, 

||V-||,<C'(g) ||-||„ 

~ ~ 7 /^ (jJ^ 

||VV-||,<C'(g) ||a3(-)||,. 

rtr> rtr> * 

Proof. Set r = ^. From fll.dp . we have 

A b = -curl(a;®e0) = (d^{u^—),d-i{oo^—),-di{oo^—) - d2{oo 

'Y' Y* 7^ 


0 ^2 
r 


Since b = 0), we have 


( 2 . 2 ) 

(2.3) 


(2.4) 

(2.6) 


Since 


then we get 


and 


r 

u = 


'^^dsA ^{xiT) = rdsA -'^^dslxi, A ^]F. 


i=l 


i=l 


A [xi, A-i] F = 2diA-^T, 


dr 


[xi, A-^] F = 2diA-‘^T = 2xi—A-^T 


u 


d, 


— = A-^dsT - 2—A-'^sF. 

r r 


In addition, using the polar coordinates xi = rcos 6 *,X 2 = rsin0, we obtain 

—A“^fF(r, X 3 ) = {A — d^ — 93)A“^fF(r, X 3 ) 
r 


7 






sin^ 0{TZiiW){x) + cos^ d{Tl 22 W){x) — 2 sin 0 cos 0(7^i2VF)(x). 


Using the L'^-boundedness of Riesz operator, we easily obtain fl2.4p - fl2.5p . □ 

Then, we give a general Sobolev-Hardy inequality. Badiale and Tarantello proved the case 

9* = 01 (Theorem 2.1). For the convenience of reader’s reading, we give the proof by 

another method. 

Lemma 2.4. Set = R*’ x with 2 < k < N , and write x = {x', z) G R^ x For 

a given real number q, s, such that 1 < q < N,Q < s < q, and s < k, set g* G [q, ■ Then 

there exists a positive constant C = C{s, q, N, k), such that for all f G C'^(R^), 

N-s N I 1 N N-s 

dx<C\\f\\,'-^' l|V/||,'^“-. (2,6) 

= 2, g = 2, g* G [2,2(3 — s)], and assume 0 < s < 2, 
positive constant C{s), such that for all f G C“(R^), 

<C',.,,||/||r'’||V/||r^. (2.7) 

q* 

Proof. By the Sobolev embedding Theorem, one obtain fl2.6l) with s = 0. When q^, = q = s < k, 
one easily obtain fl2.6p from the Hardy’s inequality (l^ . 


I/I 


q* 


\x' 


In particular, we pick N = 3, k 
r = ^/xf + X 2 . Then there exists a 


f 


'f g* 


/ wrvi'^dx < C / ||V../||^, dz < C\\Vf\\ 

Then, we assume that / 7^0,0<s<g. Set q* = 

Case 1. g* = 

Case la. k = N. 

From Holder’s inequality and the Hardy’s inequality, we have 


g(iV-s) 

N-q 


dx < C 


/r^ fI 


'IIP' 


q-s 

q 


Pdx] < C\\Vfl 


Case lb. k < N. 

Using Holder’s inequality and the Sobolev embedding Theorem, we obtain 


' |i'|>e 


q(N — s) 

|x'|“®|/| ^-1 dx' 


q{N-s) 

< 

1 


J |a;'|>£ 




s{N-q) 

Nq(N-3) 


L'"’ 


L', 


( 2 . 8 ) 


(2.9) 


' |x'|<£ 


. q(N—s) 

\x’\-^\f\^^dx' 


N-q 

q{N-s) 


< 


' |x'|<e 


s{N — q) 


and 




































k s{N — q) 

< Cs^qSl 


nr/ 


where 7 is a constant satisfying < 7 < and + ^ - J > 7 > 7 ^ + ^ - 7 , 


N-q ,111 

^ ^ ^ ^ ^ ■ Then choosing e = ( A[n ) > we get 


N 

N-k 


s{N-q) 


X'\ < Cs,g 

'r' 


1 g(-^-«?) 

q{N — s'' 


A 


|V.^/|| 


s(N-q) 

q(N-a) 

Ll, 


( 2 . 10 ) 


From fl2.10p . nsing Holder’s ineqnality, we have 


s(N-q) 

\X I < C,,, 


1 a(N-q) 

q{N-s) 11 ^ 

q* II 


a(N-q) 

,,/llf^ <C.,,||V/||,. 


( 2 . 11 ) 


Case 2. g* = q. 

Using Holder’s ineqnality and the Sobolev embedding Theorem, we obtain 


h'|>£ 


ix'r"i/iw 


< e 1 


L\, 


and 


|x'|<£ 


I^T 1 /|W 


< 


\X 9 


'^dx' 


'\x'\<e 


< C.,,£’-i|l/llh‘IIW'/ll;,,. 


x' 

k 
7 

l7’ 


where 7 is a constant satisfying q < "f < ^ and 7 >/c, 7 + 7 = 7 . Then choosing e = 


Iiv,//lh 7 ’ 


we get 


, 1 --, 


\\\x'nfh^,<Cs,q\\f\\^q^\\V.>f\\lq 

^ x' 

From fl 2 . 12 p . nsing Holder’s ineqnality, we have 


( 2 . 12 ) 


iiri/ii„ < G. 


® £ 


q ^ '^s,g\\J ||(J II V x'J ||g 


(2.13) 


From fl2.8p . fl2.9p . fl2.1ip and fl2.13p . by the interpolation theorem, we have that fl2.6p holds for 
all q^ e [q, This hnishes the proof of (12.Op . □ 


From the resnlts in j^, 33, 4^, one have the following lemma. 


Lemma 2.5. Let u G C([0, T); Fr^(R^)) fl L;^o^([0, T); ii/'^(M^)) be the unique axisymmetric so¬ 
lution of the Navier-Stokes equations with the axisymmetric initial data ug G if^(M^) and 
div uq = 0. If in addition, T < 00 and ||^||2,4.4 < 00 , then u can be continued beyond T. 


9 







































3. Proof of the regularity criteria 

It is well-known that: if the axisymmetric initial data uq G and div uq = 0, we can 

constrnct a global axisymmetric weak solution u (see 0,1^), satisfying the energy inequality, 

^l|u(t )||2 + ^ ||Vu||2 dr < ^||uo|| 2 , foralH>0. (3.1) 

Moreover, the system fll.ip has a local unique solution u on [0, T*), satisfying u G (^([O, T*); id^(M^))n 
L‘foc{[0,T*)-, where T* is the earliest blow-up point (see [l^ for instance). 

Lemma 3.1. Let u G C{[0,T); fl L;^o^([0, T); id^(M^)) be the unique axisymmetric so¬ 

lution of the Navier-Stokes equations with the axisymmetric initial data uq G id^(M^) and 
div uo = 0. If in addition, T < oo and supjg[o,T) < oo, then u can he continued beyond 

T. 

Proof. Multiplying the equation of fll.2p o by and integrating the resulting equation 

over M^, applying 02.41) and Cauchy-Schwarz inequality, we have for all t G [0,T) 


1 £ 

4 dt 


[U' 


e \2 


iu' 


e \2 


< 


< 


< 




c 

c 

c'liril 


^ Jr3 

r 

r 

{uy 

r 

{uy 

r 

6 

r 

2 

r 


~ 


{uy 

3 

2 


V— 



r 

2 

r 

2 

r 


[U 


e \2 


^ 1 

y,{uy 

+ — 

2 ^ 

r 


Applying Gronwall’s inequality, using the fact that supjg[o,T) 
G(||-^|| 4 , T). Thus we prove this lemma by Lemma [2.51 


1,2 < oo , we obtain 11 — ,, 

’ " r "L. 


4,4 ^ 


□ 


Proof of Theorem II.11 

Assume that T* < T. From 01.7p and 01.Sp . integrating them over respectively, we obtain 
for all t G [0, T*) 




u 


{uj^dr (W^ds )— <F dx -I- 



dr{^Y drdx3 


< 


u 


{uj^dr + uj'^ds )— <F dx 


= 271 



0 


-d^iU^dr—^ + 
r 


dr{ru^) u 


V T 

?/ ?/ 

U^{dsdr -<F -I- dr -C?3<h) dx 


ds —<F) rdrdxs 


II' 11' 

U^idrdz -$ -I- ^3- dr^) dx 

r r 


u 


u 


U {dr -C?3<h — ^3-9r*^’) dx 
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< Ii + l2 


(3.2) 


and 


where 


1 d 

2 dt 


2 + l|vr||^<2/3, 


(3.3) 


h = 


/ 

U^dr — d^^ 

dx, l 2 = 

U^d^ — dr^ 

a. 

OO 

-<FF 

/R3 

r 

Jr3 

r 


r 


dx. 


From fl3.2l) and fl3.3p . we get for all t E [0,T*) 
1 d 


2 dt 


(11411^ + iiriis + II V4||^ + II vrii^ <h + i2 + 21,. 


Then, we estimate hyh, Iz in the following two cases respectively. 

Case 1. e ^ + ^<1 — d, 0<(i<l, < q < oo, < p < 


oo. 


(3.4) 


From Holder’s inequality, Lemma l2^ fg = g* = -^) and fl2.4p - fl2.5p . we get, for all 
tE[0,T*), 


< 

||rV|L 

Brf ,, 

. 29 



7 -“ 9-2 

< 

C||rV| 

U liva.-|( 

< 

C||rV| 

1, livriil*" 

< 

CllrVl 

ir^ lirill 


m'’ 1 -^- 

Il^r-Il2 ^ 


'3^112 


||V«h|h 


+ i||V4||^ + t||vr||=. 


Similarly, we have for all t E [0, T* 


(3.6) 


I, < C\\rV 


i + i||V4|li + i||vr||2. 


(3.6) 


From Holder’s inequality. Lemma 123] (s = q* = and (I2.4I) - (I2.5I) . we obtain for all 

fG[ 0 ,r*) 


h < ^^“^rll^llr 2 <F|| 2 q 

9-1 9-1 


1 -I-. 


1 +i+d 


< C||rV||,(||F||2||<F|h)T(||VF||2||V«F||2)^ 

9 

2||4|l2+i||V4||^ + i||Vr||=. 


< C||rV llg 

From (13.4j) . (13.5p . (I3.6p . (13.7p . we get for all t E [0,T*) 


(3.7) 


—(ll-i-ll^ + lirii^) + i||V 4 ||= + i||vr||= < C(1 + ||rV||;)(||4||= + ||r||=). (3.8) 
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Using Gronwall’s inequality, we have 


sup 

te[o,r*) 



<(ll<^>o||^ + ||ro||^)exp(UT + U||rV||i,„) 


< oo. 


Case 2. ^ , 0 < d < 1. For a small constant e > 0 given in (I3.14p . 

a > 0 such that 

||rVl^<„|| < e. 

Lrji 

Similar to (I3.5p . we have for all t G [0, T*) 

/, < C||WV||^||V4||2||Vr||2 + C||rV||^||l,>„^ 11^ 1193411, 

< C||l,«,rV||^||V4||2||Vr||2 

1 —a 

7/^ l+2fi _ 7/^ 2—2rf 

+ C^Vu^\\M\\dr-h + I|5r--|l2~l|va,-||2—)||a3<h||2 

1 — d ip rp p 

l+2d ^ 2-2d 

< c||i3<„rV|| . ||V4||2||vr||, + c„||rV|U(||r ||2 + Iirii, • ||vr||, • 

1—a 1—a 

< (i + C£)(||v 4||2 + IIvr||2) + c„(i + llrViii'jiirii^. 

O 1-d 

where we use the following estimate for p G [2, cxo), 



|V(/rp)p(ir(ix3 


i_i 

2 p 


Similarly, we get for all f G [0,T*) 

^2 < (U C£)(I|V4||^ + Iivrii^) + C „(1 + ||rV||2’)||r||=, 

O 1-d 

and 

h < c'||u<X^xl^||v<F||2||vr||2 + ciirVii^iiw-^r||^||W" 

1 — d 1 — d 24-d 

< CIIWVII 3 ||v<F|| 2 ||vr ||2 

1 — d 

2+d _ 1-d 2+d _ 1-d 

+c„||rV||^(||r|h + ||r||,» ||vr||,» )(||4|h + ||4||,» ||V4||,» ) 

< (i + Ce)(||V4||= + IIvr||=) + C„(1 + ||rV|i2)(||4||^ + Iirii^). 

O 1-d 


(3.9) 

there exists 

(3.10) 


)I|V4||2 

(3.11) 


(3.12) 

tll-^ 

" 2+d 

(3.13) 
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From fl3.4p . flS.lip . fl3.12p . fl3.13p . we have, for all t G [0,T*), 


—dlKII^ + liriis + 4 - 3C£-)(|| V4||= + II vr||=) < c„(i + ||rV|| “-jditiil + ||r||=). 


When 


3Ce = 


(3.14) 


and applying Gronwall’s inequality, we get 


„d^0\\ l + 2d 


sup ||r||2oc.2 < (||<ho ||2 + ||ro|| 2 )exp{G„r(l + ||rV II 
tG[0,T*) * 




)} < oo. 


(3.16) 


From Lemma [3.11 fl3.9p and fl3.15p . then u can be continued beyond T*, which contradicts with 
the dehnition of T*. Thus, T* > T, which hnishes the proof of Theorem 11.11 □ 

Using Theorem 11.11 and Lemma [2.11 we obtain Theorem 11.31 as follows. 

Proof of Theorem 11.31 

Choosing a = 2q — 1>1,F = ru^ and / = ru^ in Lemma [2.11 we deduce that 




(—y rdr < C{qy / rdr, 

T .In 


and 


, u 


— Il<7 < C{q)\\uj llg. 


Using the fact that ru^ G and the interpolation theorem, we obtain that G 

Then u is regular, by Theorem 11.11 □ 

Proof of Theorem 11.41 

Assume that T* < T. Applying Lemma [2.21 the potential function y satisfies 


ru^ = driry). 


(3.16) 


From fl3.16p . we get 


xs) ds 


(3.17) 


Applying Minkowski’s inequality, we obtain 


y II 




< CllrV 


ig- 


(3.18) 


Case 1. G ^ + ^<1 — d, 0<(i<l, < q < oo, < p < oo. 

Pick 0 < /c = 1 — Multiplying the equation of (ll.2p o by (n®)^, and integrating 

the resulting equation over M^, using the integration by parts. Holder’s inequality and the 
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Sobolev embedding theorem, we have 


~ll«'’llJ + |l|V(n“fl|l+|l^ 

= — [ —{u^Yiu^Y dx 
Jrs r 

= [ (93 —dx 

Jrs r 

= —2 f —( m ®)^( 93 (' u '^)^ dx 


e\2 


= -2 


JMP ' ' 

< C\\4ra\\, II— II" ll(<‘")"ll^"’‘ll(«'’)"ll!,‘-"’“-‘’ l|S3(«'')"ll'. 


c*.,3| 


< C||rV 


[U 


r 

e \2 


d II (.fi\‘2\\{^-d)ku-^ ( e\2\\l+{^-d)(l-k) 


< CllrVll, 


q II , 
2 

1-d-# 






^11^11^ +^l|V(«^)^ll^, 


for all t G [0,T*). Applying Gronwall’s inequality, we obtain 


sup ||M^(t )||4 < llwollt exp(C'T + C'||r“tt'^||^p,5) < cx). 
te[o,r*) ^ 


(3.19) 


(3.20) 


Case 2. G 0 < d < 1. For a small constant ei > 0 given in fl3.23p . there exists 

/3 > 0 such that 

||rVG<^|| ^3 < ei. (3.21) 


Using the similar arguments as that in the proof of fl3.19p . we have for all t G [0, T*) 


,e \2 


i|ll-.'ll! + jl|v(«Vlli+ 11^111 


< C||rVU<^||^ 


[U 


e \2 


1 — d " f 

< C||rVU<,|| 3 ||^||^||V(uTll 


p|v(«viiy'' + c|i^ll^lli,>,l^ll , lia3(«yib 


1 — d f 

,0^2| 


e\ 2 n 2 -d 
2 


l+2d _ 2-2d 

e \2 6 


Since 


< (U C£i)(|| V(«»)=||^ + I|h2-||5) + G ^(1 + ||rV||)£'')||(«'')l=. 


Ce, = 


(3.22) 

(3.23) 
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and using Gronwall’s inequality, we get 


sup \\u\t)\\t < \\4\\t exp{C'^T(l + ||rVr+^S )} < cx). (3.24) 

te[o,T*) 

Using the similar argument as that in the proof of Theorem 11.11 we have that u can be 
continued beyond T*, which contradicts with the dehnition of T*. Thus, T* > T, which 
hnishes Theorem 11.41 □ 

Proof of Corollary II.5L 

By (I3.17P and ru^ G it is easy to show that 

ip e Lrp’ . 


Therefore 


b = V X {Pjeg), while ^peg G 1^'°° ^ h°°((0, T); BMO). 


From Theorem 1.4 in 2^, we get that u is regular in (0,T] x 


□ 


4. Global well-posedness 

In this section, we are going to prove Theorem 11.21 by the classical continuity method. 

Lemma 4.1. Let u G C{[0,T); D be the unique axisymmetric so¬ 
lution of the Navier-Stokes equations with the axisymmetric initial data uq G and 

div un = 0. Assume 3 < 7U where Cn is a constant in /li.^l) and t < T*. 

Then, we have 

ll®Wll2 + lir(f)||^<||«ho||^ + ||ro||^. (4.1) 

Proof. From the Sobolev-Hardy inequality fl2.7|) and (13.41) . we have a priori estimate on (0,f), 
that 


\fL 

2 dt 


(|| 4)||2 + ||F||2) + ||V 4>||2 + ||VF||2 < u +12 + 2/3 


< ColIrVlI^llVFlIallV-Flh 

1 —d 

< i||vr||+l||V4||2, 


which implies (14.Ih . 


(4.2) 


□ 


Lemma 4.2. Under the conditions in Lemma then there exists a positive constant Ci, 
such that, 

ll‘^*^lli°°((0,t);L2(R3)) < ll^oll2 + C'i(||Fo|| 2 + ||^’o||2)H|uo||i (4.3) 

Proof. Multiplying the equation (ll.3p o by , and integrating the resulting equations over 
respectively, using the integration by parts. Holder’s inequality and the Sobolev embedding 
Theorem, we have 


1 d 

2 dt 


a;^||2 +(llVw^^llaT ||F||^) = / {Tu^ - 2^u^)uj'^ dx 


.0112 


9\. .9 
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< 2(||r|h||«’'|le + ll'S>l|2|l«''|U)^'|l3 

< C(||r|h + ||4>||2)l|Vu|h||i*)''|||||Va,''||| 

< Cdlrolb + IIKolhj’IIVulllllu.oill + illVo^'ll^ 

< C'(||r „||2 + ||>l>„||2)5||Vu||^ + i||Vc^‘'||^. (4.4) 


From fl3.1l) and fl4.4p . we get fl4.4p . 


Lemma 4.3. Under the conditions in Lemma 4-L then 


IrV 


< 


1 


'L°°([0,i);LT^(R3)) - 2Co 


□ 


if Uq satisfies 

Proof. From fll.2p 9. using the integration by parts, Hblder’s inequality and the Sobolev embed¬ 
ding Theorem, we have 


1 — d d ,, . 4(1 — (i)(2-|- d) , 3d ^ 3 „ 

o at i-d y 

1 — 4d “1“ (2 “I" d^df 5d—2 n. 3 
H-- - —||r i-d (u )i-‘i||i 


1 — d 

1 — 3d f W 3s 


1-d 
vL 


— r^-d \u^\ i-ddx 
r 


3d , Q 3 1 


,A, t! /I 3 ^ 

< C\\ — \\2\\r^<.^-d)\u fia-d)\\^ ||^2(l-d) |y«|2(l-d) II2 

< C'||a;'’||^||rV||^ + il:i^K^±^||V(r^|n^|^)||2. 

i-d 9 


(4.5) 


Applying Gronwall’s inequality. Lemma W7]\ and fll.9p . we get 


|rV||^ < ||rXll^exp(C' / \\uj%\l ds) 

V 0 

^d^,e\ 


< ||r Moll^exp(C'||a; ||i^((o,i);L2(R3)) / ||w II2 ds) 

d 0 

< Ik'^Moll^exp (Calluolls (IIW0II2 + ^'idlTob + ||*^>o||2)^HuoUa)) 


< 


200 


(4.6) 

□ 


Proof of Theorem 11.21 

Assume that T* < 00 . From Lemma 14.31 using the classical continuity method, we have 

||r‘^n®|| 3 < fir. Then, from Lemma [4.11 we have 

" "L°°([0,r*);LT=3(K3)) “ C'o ’ -' 


sup ||r(t)||^<||«Fo||^ + ||Fo||^. 

te[o,r*) 
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Applying Lemma [3.11 we have that u can be continued beyond T*, which contradicts with the 
definition of T*. Thus, T* = oo and Theorem 11.21 holds. □ 
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